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1. Introduction 



W algebra |E], |2| was discovered in two-dimensional field theories in the middle of the 1980's, 
much work has been focused on the classification of it and on the study of W gravity and 
W string theories. Furthermore, W algebra plays a central role in many areas of two- 
dimensional physics. It appears in the quantum Hall effect || and black holes ||], in 
lattice models of statistical mechanics at criticality, and in other physical models |], [?j and 
so on. 

In all applications of W algebra, the investigation of the W strings is more interesting 
and important. The idea of building W string theories was first developed in Ref. [||]. Since 
W3 is the simplest W algebra, most of the efforts in constructing W string theories have 
been concentrated on it g, 0, 0, ||, ||, @, HI, H|. Using the method of La grangian Re- 
alization and Hamiltonian Reduction, other strings and superstrings also had been studied 
j. Later Pope et al. discovered that the Becchi-Rouet-Stora-Tyutin (BRST 



in 17L 18L 19 



plj]) method provides the only viable approach to the quantization of W string theories. 
Using a kind of canonical transformation |11[ |, the BRST operator could be written in the 
form of Qb = Qo + Qi, which is graded. Using this method, the scalar field realizations of 
W2, s strings have been obtained for s=3,4,5,6,7 [22, | 



Subsequently, the methods to con- 



struct the spinor field realization of critical W2 s strings and Wm strings were also found in 
Refs. 25 1 - Assuming the BRST charges of the W2, s strings and Wn strings are graded, 
the exact spinor field realizations of W2, s (s = 3, 4, 5, 6) strings and Wn(N = 4, 5, 6) strings 
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were obtained [24, ^6], |27]]. Recently, we constructed the nilpotent BRST charges of 



the spinor non-critical B^,s ( s= 3,4) strings by taking account of the property of spinor 



field [28]. It was shown that certain integer W2, s (s=3,4) algebras can be linearized as the 
Wi 2 3 algebras by the inclusion of a spin-1 current. This provides a way of obtaining new 
realizations of the integer W2,s strings. Based on the linear W\ 2,s algebras, the ghost field 
realizations and the spinor realizations of the spinor non-critical W2 s strings were given in 
Refs. pLSt}. 



The half- integer W2 )S algebra with s = 3/2 is known as the N = 1 superconformal 
algebra or SW(3/2,2) superconformal algebra. Recently, several constructions of the al- 



gebra were obtained in Refs. [31, ^1 • Much research had been done also on N = 2 



superconformal algebra, in which another s = 3/2 current is added [33, 34, 35, pq| . Cor- 
respondingly, the N = 1 and N = 2 superstrings had been investigated in 37, 38]. In 
addition, the case of s = 5/2 was investigated in Ref. It was found that this algebra 
can not be closed with spin-2 current T and spin-5/2 current G only, and so there is no 
realization for this algebra. But by introducing other spin currents, this algebra may be 
linearized [)40|] , which implies that the realizations of the algebra could be found. The 
W 2 , s (s = 7/2,9/2,11/2,13/2,15/2) algebras were also studied in Ref. 0, in which the 
values of central charges for these algebras were given. 

Since up to now there is no work focused on the research of spinor field realizations of 
the half-integer W2 tS strings, we will construct the nilpotent BRST charges of spinor half- 
integer W2, s strings for the first time by using the grading BRST method. This method 
provides a more easy way to construct W2 )S algebras and strings. And the physical states 
can be obtained by the grading form of BRST operators for these strings. Firstly, we 
reconstruct the BRST charges Qq for integer H^.s strings and the half-integer W2 tS strings. 
For each case we obtain four solutions. All these solutions indicate that we can construct 
the BRST charges Qb for both the integer W2, s strings and the half-integer W2 yS strings 
by using scalar field ip together with spinor field tp. But for simplicity, we only consider the 
realizations with spinor field ip. With these solutions, we discuss the exact BRST charges 
for s = 3/2,5/2,7/2 in detail and we then find that many new valuable solutions will be 
obtained with increasing of spin s. All these results will be of importance for embedding the 
Virasoro string into the W2 yS strings and the half-integer W2 yS strings, and they may provide 
the essential ingredients to help us better understanding the fundamental properties of the 
half-integer W2 )S strings. Furthermore, after giving the explicit realizations and BRST 
charges, the physical states of these W strings can be investigated. 

This paper is organized as follows: in Section [2] we give a brief review of the grading 
BRST method for scalar field and spinor field realizations of the integer W2, s strings. In 
Section |3| we reconstruct the general BRST charges Qq for the integer and the half-integer 
W2 jS strings. Using these results, we construct the BRST charges Qb for W2 )S (s = 
3/2,5/2,7/2) in Section ||. Finally the conclusions are drawn in the last section. 

2. Review of the grading BRST method 



In 1993, Pope et. al. [11] discovered a kind of canonical transformation that leads a 
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considerable simplification of the BRST operator and the physical states of W% string. This 
is a nonlinear realization involving a scalar field ip whilst the spin-2 and spin-3 ghost fields 
are introduced. Then the BRST operator could be written in the form of Qb = Qo + Qi, 
where Qo has grade (1,0) and Q± has grade (0,1), with (p, q) denoting the grading of 
an operator with ghost number p for the redefined spin-2 (b, c) ghost system and ghost 
number q for the redefined spin-s (/?, 7) ghost system. In particular Q\ only involves ip, 
f3, 7. This leads to an immediate generalization, the W2, s strings (2^, |42| , whose BRST 
operator has the similar form except that the (f3,j) system is a spin-s current rather than 
a spin-3 current. 

Following Refs. [23, fffi] , the BRST operator for the scalar field realizations of H^2,s 
strings can be written as 



Qb = Qo + Qi, 
Qo = (p dz Jq = <f> dz cT, 



Qi = J dz Ji = J dz jF(tp,/3,i), 
where Jq, J\ have spin 1 and T are constructed as 



here the energy-momentum tensors are given by 



£71 



Tbc 



-\{dipf -ad 2 if, 

-2bdc — dbc, 

-sP&y - (s - l)d/37, 
1 



ia^X^. 



(2.1) 
(2.2) 

(2.3) 



(2.4) 

(2.5) 
(2.6) 
(2.7) 

(2.8) 



The operator F(ip, f3, 7) has spin s and ghost number zero. Because of the grading character 
of Qb, there exist the nilpotency conditions 

Ql = Ql = {Qo,Qi} = o, (2.9) 

where the first nilpotency condition provides that the total central charge vanishes, i.e., 

-26 - 2(6s 2 - 6s + 1) + 1 + 12a 2 + C eff = 0, (2.10) 

the remaining two conditions determine the precise form of the operator F(ip, (3, 7) appear- 
ing in Eq. (^3). 



Recently, in Ref. [24], the authors generalized the scalar field grading BRST method 
above developed by Pope et al to the spinor field realization of W2 )S strings. The BRST 
charge for the spinor field realization of W2 s strings takes the similar form ( |2.lD -( ^3|) of the 
scalar case but with F = F(ifj, 0,"f), and the energy-momentum tensor T was constructed 
as 

T = T e ff + T i , + KT bc + yT h , (2.11) 
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in which K,y are pending constants and the spinor field ip has spin 1/2 and satisfies the 
OPE 

MzWw) ~ • (2.12) 

z — it) 

The study can be carried out by introducing the (b, c) ghost system for the spin-2 
current, and the (/?, 7) ghost system for the spin-s current, where b has spin 2 and c has 
spin —1 whilst f3 has spin s and 7 has spin (1 — s). The ghost fields b, c, f3, 7 are all bosonic 



and commuting. The energy-momentum tensors in Eq. ( 2.11 ) take the following forms 



= (2.13) 
T bc = 2bdc + dbc, (2.14) 
Tf3 y = s(3d-f + (s- 1)8(3-/, (2.15) 

T eff = -\^ v dY»Y u . (2.16) 

Using the properties of spinor field and noticing the multi-spinor is a multi-spinor, the 
BRST charge here is also graded with Qq = Q\ = {Qo, Qi} = 0. Different from the scalar 
realizations, the first nilpotency condition Qq = is satisfied for an arbitrary s, and there 
has no constraint on the total central charge. The remaining two conditions determine the 
precise form of the operator F(ip, (5, 7) and the exact y. The particular method used to 



construct F(ij), j3, 7) can be found in |24|, |25|, [26|, g?]], m which the solutions for s = 3, 4, 5, 6 



have been obtained and the discussions of any s were carried out. 

3. Construct BRST charges Q for the integer and the half-integer W 2tS 
strings 

After a brief review of the grading BRST method, we would like to construct more general 
BRST charges Qo for the integer W2 )S strings and the half-integer Wi, s strings. 

Focusing on the form of Qo m Eq. ( p.2[ ) , here we write the general form of the energy- 
momentum tensor T as 

T = miT eff + m 2 T^ + m^T^ + m 4 T bc + m^Tp^, (3.1) 

where m\ — m§ are constants which should be determined by the nilpotency of Qo- The 
energy-momentum tensors on the right hand side of ( |3.lD are 

Tip = —W, (3-2) 

T v = —^(dip) 2 - ad 2 ip, (3.3) 
T bc = -2bdc - dbc, (3.4) 
Tfr = -s/3dj - (s - 1)007, (3.5) 

T eff = ~ Vlxv dX^dX v - ia^X" - X -^ v dY»Y\ (3.6) 

here the (b,c) ghost system corresponds to the spin-2 current, and the (/?, 7) corresponds 
to the spin-s one. b has spin 2 and c has spin —1 whilst (3 has spin s and 7 has spin (1 — s). 
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The spinor field ip has spin 1/2 and the scalar field ip has spin 0, they satisfy the OPEs 

fp(z)i>(<j) ~ — , (3.7) 

z — to 

dip(z)dip(u) ~ — 1 (3.8) 
(z — w) z 

The OPE of ip with itself only has the first order pole and dip only has the second order pole, 
they all just contain one pole in their OPEs. The OPE of the effective energy-momentum 
tensor T e f ' with itself is 

T^(z)T^(u) ~ + ^ + , (3.9) 

[Z — UJp [Z — LO) z Z — LU 

where G z '* is the central charge of T e ff. Different from the cases of dip and ip, one will 
find that this OPE contains three poles, the first order pole, the second and the forth ones, 
and the third order pole is vanished. 

Next, we consider the nilpotency condition Qq = 0. Using residue theorem, one may 
find this condition converts to require the vanishing of the first order pole of Jq(z)Jq(uj). 
Making use of the OPE relations, we could calculate the OPE of Jq(z)Jq(oj), which contains 
three poles, but we are only interesting in the first order pole, which has many terms. Then 
let the coefficients of each terms to be zero will give constraint equations to the parameters 
mi — nT>5- The number of these equations may larger than that of the parameters, but these 
equations are not linearly independent. After solving these equations, we can determine 
the parameters mi — m§ and get the solutions of energy-momentum tensor T. We find that 
the nilpotency of Qo also requires the total central charge of T to be zero for each solution. 

3.1 Solutions for the case s = integer 

For the case s = integer, the ghost fields b, c, j3, 7 are all fermionic and anticommuting. 
They satisfy the OPEs 

1 1 

b(z)c(u) , P(z)j(uj) . (3.10) 

z — CO z — u 

In other cases the OPEs vanish. We can see the OPEs of b(z)c(uj) and (3(z)j(uj) only have 
first order pole. 

Using the OPEs (|3.7|) -( ^To|) and considering the condition Q\ = 0, we obtain four 
solutions of T, and the constraint on the total central charge for each solution: 



Solution 1 



-53 + 2C e ff + 24a 2 + 24s - 24s 2 = 0. { ' ' 



Solution 2 



T = T e ff + T v + ±T bc + T^, 
-26 - 2(6s 2 - 6s + 1) + 1 + 12a 2 + C e ^ = 0. 



(3.12) 
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• Solution 3 



T = T*lf + Ti,+T v + $T bc , 
-49 + 2C e ff + 24a 2 = 0. [ ' 

• Solution 4 

T = T*ff + T V + ±T fec , 

_25 + C e ^ + 12a 2 = 0. [ ' 

From above four solutions, we can see each solution contains the energy-momentum 
tensors T e ^ , T bc and 2L,. The energy- momentum tensor is appeared only in solutions 
1 and 3, and energy-momentum tensor T / g 7 only in solutions 1 and 2. It is worth to 
note that solution 2 is in accord with ( |2.4| ) and ( [2.10 ), which are the exact expression of 



energy-momentum tensor and the constraint condition on the central charge in B3I] , 
where W% s (s=3,4,5,6) strings were constructed with scalar field. One may also find that 
solution 1 is the only one expression of the energy-momentum tensor T which contains five 
energy-momentum tensors, and this may imply that we can give new realizations of W^.s 
strings using scalar field ip and spinor field ip. Choosing the expression 

dH) of energy- 



momentum tensor T, we have constructed the VF2,3 string and found that the result of 
Qi = <f dz jF(lp, ip, (3, 7) does not contain the spinor field tp, and the result is exact the 
result in |2^, P3f . We will discuss the more general case of Q\ = § dz 7^(99, ip, b, c, (3, 7) in 
our later work. 

3.2 Solutions for the case s = half-integer 

Next, we will consider the half-integer W2 )S strings. It is important to note that for the half 
integer case, the ghost fields (3, 7 corresponding to spin-s current are no more fermionic 
and anticommuting but bosonic and commuting, they satisfy the following OPE relation 

(3{z) 1 {u) — . (3.15) 

z — U) 

Following the procedure above, one can get four non-trivial solutions also for the half- 
integer W2 s strings. 



Solution 1 



Solution 2 



T = T e ff + T 4 , + T ip + \T hc + Tfr, 
-51 + 2C e H + 4(1 - 6s + 6s 2 ) + 2 + 24a 2 = 0. 



T = T e ff + T^ + T V + \T hc , 
-51 + 2C e ff + 2 + 24a 2 = 0. 



(3.16) 



(3.17) 
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• Solution 3 



T = T e ff + T^ + \T hl 
-51 + 2C e ff = 0. 



(3.18) 



Solution 4 



(3.19) 



T = T e ff + T^ + \T bc + T^, 
-51 + 2C eff + 4(1 - 6s + 6s 2 ) = 0. 

One can see the energy- momentum tensors T e ff, and Tj, c appear in each of these 
solutions. Energy- momentum tensor Tm is contained in solutions 1 and 2 only, while Tg 7 
is contained in solutions 1 and 4 only. Here, we need to point out that any realization of 
F(ijj, b, c, (3, 7) for the half-integer W% a strings with T given by solution 3 (or 4) is also a 
realization for the case T is given by solution 2 (or 1). 

The total central charges of the matter sector for integer and the half-integer W2, s 
strings are given in Table [l] and Table [2] for each solution of T, respectively. It's clear that, 
for solutions 1 and 2 of the integer W 2)S strings, the total central charges of the matter 
sector for the integer W2 >s strings increase with spin s. But for solutions 3 and 4, they are 
independent of s and equal to 26, which is resulted by the contribution of T& c . Similarly, 
for the half-integer W2 s strings, the central charges of the matter sector in solutions 2 and 
3 are independent of spin s. But the central charge in solutions 1 and 4 are dependent of 
spin s. When s > 5/2, the central charge of the matter sector will be negative. However, 
we can substitute solution 1 for solution 4 and set a — > ice, which has no effect on the 
realizations of the half-integer W2 )S strings. Then by choosing the proper value of a, the 
central charge of the matter sector will be positive. 





w 2 , 3 


w 2A 


w 2 , 5 


w 2fi 


W 2 J 


Solutions 1,2 


100 


172 


268 


388 


532 


Solutions 3,4 


26 


26 


26 


26 


26 



Table 1: The total central charges of the matter sector for the integer W*2,s strings 





^2,3/2 


^2,5/2 


^2,7/2 


^2,9/2 


W 2 , 11/2 


Solutions 1,4 


15 


-21 


-81 


-165 


-273 


Solutions 2,3 


26 


26 


26 


26 


26 



Table 2: The total central charge of the matter sector for the half-integer W2, s strings 



From above discussion, it implies that we can construct the half-integer strings 
using scalar field ip and spinor field ip. But for simplicity, in the next section, with those 
solutions ( gig ) and ( gTlflb for the energy-momentum tensor T, we will construct the BRST 
charge for the half-integer W2 s strings using spinor field tp only. 
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4. Spinor field realizations of the half-integer W 2 ,s strings 

In present section, we will construct the spinor field realizations of the half-integer W2, s 
strings for the case of s = 3/2, 5/2 and 7/2 by introducing the fermionic (b\,c\) ghost 
system for the spin-2 current. The OPE of b\(z)c\{uj) is the same as (|3.10| ). The BRST 
charge Qb is also graded Qb = Qo + Qi with Qq taking the form of (|2.2|), while T is given 
in ( 3,18 ) or ( 3.1GQ , and Q\ is given by 



Q x = j> dzjF^h, ci,P, 7)- (4.1) 

Using the grading BRST method, we will construct F(ip, bi, c\, /3, 7) and discuss the spinor 
field realizations of the half-integer W-z s strings for the case of s = 3/2, 5/2 and 7/2. 

The general procedure is described as follows. First, write down all possible terms 
of F with tjj, 61, ci, (3, 7 by considering the spin V of each term and ghost number zero. 
Then leave out all the total differential terms in jF since their contribution to Q\ is zero. 
Next, get the coefficient equations by using the nilpotency conditions Q\ = {Qo,Qi} = 0. 
Finally, determine the coefficients in F by solving these equations. 

4.1 Spinor field realizations of the 1^,3/2 string 

In this case, the most extensive combinations of F(ip, b%, ci, /3, 7) in (|4.1| ) with correct spin 
and ghost number can be constructed as follows 

F(V,&i, Cl ,/3, 7 ) =fidip + Mb lCl + hi^ + f 4 dp Cl | } 

+ hPdc 1 + f 6 b 11 + f 7 c 1 p 2 1 . 

Substituting (|4.2|) back into (4.1) and imposing the nilpotency conditions Q\ = {Qo, Qi} 



0, we can determine /j (i=l,2,...,7). 
Case 1: T = T e ^ + T^ + \T hc 
For the case, the solution is 

h = h = h = k = fr = 0, 

and the remaining /s, /g are arbitrary constants but do not vanish at the same time. 
Case 2: T = T e ff + + \T hc + T Pl 
For the case we can just get 

/l = /2 = h = /4 = /5 = f% = /7 = 0) 

this is a trivial result that all the coefficients of the terms in F(ip, b±, c\, f3, 7) are vanished. 



4.2 Spinor field realizations of the W 2 ,5/2 string 

Similarly, for the case s=5/2, F(ip, b\, c%, (3, 7) is expressed in the following form 
F(tp, h,ci,/3, 7) = gid 2 ifj + # 2 <9#ici + g 3 ipd(3^ + g^pd^ + g^dbxcx 

+ geipbxdci + 57#ici/37 + g^ipdbib^ 2 + ggdbihci"/ + g w bi(3d^ 
+ gnbi(3 2 ~f 3 + gndb 1 f3j 2 + gizWd 2 ^ + gudbidj + giscid/3 
+ gwdci(3 + gi 7 C!f3 2 -f. 
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It is clear that the number of these terms in F(ip, b±, a, f3, 7) for s = 5/2 is larger than 
s = 3/2, and this may give more solutions. 

For the first case T = T e ^ + + ^Tj, c , there are seven solutions: 

• Solution 1 

g t = (i = 1-12,15-17), 
and <7i3 and 314 are arbitrary constants but do not vanish at the same time. 

• Solution 2 

9i = (i = 1-8,11,14-17), 

S9 = 0io = 3Mi, gi2 = M u g 13 = -9M 1 , 

where M\ is a non-zero constant. 

• Solution 3 

9l = (i = 1-7,11,15 -17), 
g 8 = M 2 , g 9 = -36M 3 , g w = -36M 3 , 
g 12 = I6M3, g 13 = -270M3, g 14 = -135M 3 , 

where M2, M3 are arbitrary constants but do not vanish at the same time. 

• Solution 4 

9l = (i = 1-7,15-17), 
g 8 = M 4 , g 9 = -24M 5 , g w = -6OM5, 
9ll = 4M 5 , 5l2 = -8M5, ffl3 = 33M 5 , ffl4 = -39M 5 , 

where M4, M 5 are arbitrary constants but do not vanish at the same time. 

• Solution 5 

g t = (i = 1-7,9,15-17), 
58 = M 6 , ff io = -12M 7 , 3ii = M 7 , 
312 = -2M 7 , 313 = -6M7, 314 = -6M7, 

where M6 and M7 are arbitrary constants but do not vanish at the same time. 

• Solution 6 

3^ = (i = 1-9,11,13,15,17), 
310 = 33M 8 , 3i 2 = 4M 8 , 314 = -18M 8 , 3 i6 = M 9 , 

where M 8 and Mg are arbitrary constants but do not vanish at the same time. 



- 9 - 



• Solution 7 



9i = (i = 1-8,15-17), 
g 9 = -24Mio, 510 = -60Mi , 9n = 4Mi , 
ffl2 = -8Mi , 313 = 33M 10 , ffi4 = -39M 10 , 

where M\q is a non-zero constant. 

It is worth pointing out that every term in each of these solutions does not contain 
spinor field ip, but we will show that, for s = 7/2, this situation will be changed. 
For the second case, i.e., T = T e f f + T i> + \T hc + Tjg 7 , we get 

fi = (i = 1 - 17). 

Like the case of W 2j3 /2, this solution is also trivial. 

4.3 Spinor field realizations of the W 2 j/2 string 
For s = 7/2, F(ip, bi,c\,(3, 7) can be expressed in the following form: 
F(^,6i,ci,/3,7) 

= hid 3 ip + Ji2d 2 ipbici + h 3 d 2 il)db\bid^^ + h,4dip(3 2 j 2 + h^d^)db\C\ + h§d^b\dc\ 

+ hjd^pd-j + hsd^d 2 b\bid^^ + hgd^dbibid 2 ^^ + hiQdil)db\b\d^d^ 

+ hnip/3 3 -/ 3 + h 12 tpd 2 b 1 ci + h^ipdbidci + huipbid 2 Ci + h 15 ipd 2 (3-f + h ie tpf3d 2 j 

+ hiitpdpdj + hi S ipd 4 bibij 2 + higtpd 3 bidbi'j 2 + /^oV^&i&i^n + h2\i)d 2 b\db\d^ 

+ fi22ipdbibid' '77 + h2 3 ipdbib\d 2 ^dj + h2A^dbiC\f3^ + h2^bidc\f3^ + h26ipb\Cid(3'j 

+ h 2 7i>bici(3dj + h 2 sd^ipd 2 bij + h2gdipipb\d 2 ^ + h 30 dipipdbidj + h 3 \CiP 2 j 

+ h 3 2Cid(3 + h 33 dciP + h 3 ^d 2 b\b\C\^ 2 + h 3 §db\b\C\fid~f~i + h 3& d 3 bidj 

+ h 37 d 2 b 2 d 2 -/ + /i 38 dM 3 7 + ^39&i<9 4 7 + h^b^b^ 3 + h^hdhhdjj 2 

+ h42d 2 bibic\d"f + h4 3 d 2 bi(3djj + h^^bidbibid^d^ + h^bifid 3 ^ 

+ /i46<9 2 &i<96ici7 + hAxd 2 b\db\b\d 2 ^ 2 + h^dbib\dc\d^ + h^dbidfid^^ 

+ h 50 dhpdjd^ + /i 5 id6i&icid 2 7 + h 52 hdpd 2 ^ + /153&1/33V7 + h 54 dhd 2 p^ 2 

+ h 55 bid 2 (3d^ + /i 56 6i(9/3<97<97 + h 57 d 2 b 1 bidci~f + h 58 dbibid 2 C17 + h 59 bid 3 p^/ 2 

(4.4) 

For the first case T = T 6 -^ + T^, + |Tfe c , one will get three solutions 
• Solution 1 

^ = (i = 1,2,4-7,11 - 17,19,21 -59), 
/i 3 = M11, /is = Mn, /19 = Mn, 
/iio = 2Mn, /ii 8 = M i2 , /i 20 = 3Mi 2 , 

where Mn and M12 are arbitrary constants but do not vanish at the same time. This 
case is different from those above since it contains the spinor field -0 at each of the 
exist terms. 
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• Solution 2 

hi = (i = 1 - 35, 40 - 48, 50, 51, 53, 57, 58), 

/>49 = M 13 - 3M M , /l 5 2 = M13 - 3M 14 , /l 5 4 = M 14 , 
h 55 = Mis, /i 56 = 2M 13 - 6M 14 , /i 59 = Af Ul 

where Mi3,Mi4,Mi5 and = 36 — 39) are arbitrary constants but do not vanish 
at the same time. 

• Solution 3 

hi = (i = 1 - 35, 39 - 42, 44 - 48, 50, 51, 53, 57, 58), 
h 38 = 2M 16 , h 54 = 2M 17 , h 55 = Mis, h 59 = 2M 19 , 
h m = 2M 16 - 9M 17 + 9M 19 , = 3M 16 , /i 43 = 6(M 19 - M 17 ), 
h 49 = 6M 17 + Mis - 12M 19 , h 52 = Mis ~ 6M 19 , h 56 = 2(M 18 - 6M 19 ), 

where Mie, Mi 7 , Mis, Mi 9 are arbitrary constants but do not vanish at the same time. 

For the second case, i.e., T = T e ^ + + \T\, C + Tp 1 , we get 

hi = (i = 1-2,4-7,11 -17,19,21 -59), 
h 3 = M 20 , h 8 = M 20 , h 9 = M 20 , 
h w = 2M 20 , /i 18 = 2M 21 , h 20 = 2M 22 , 

where M 2 o,M 2 i,M 22 are arbitrary constants but do not vanish at the same time. This 
is a non-trivial case and it is different from that of W 2 ^/ 2 and W 2 ^/ 2 . One of the main 
consequence of the solution may be that with increasing of spin s, the number of those 
terms constructing F(ip, &i,ci,/3, 7) becomes large and may give more new solutions. 

Until now, we have constructed the explicit forms of F(i/j, b\, c\, (3, 7) for s = 3/2, 
5/2, 7/2, and find that with increasing of spin s, the results become more interesting and 
complicated. 



5. Conclusion 

In this paper, we first give a brief review of the grading BRST method to construct W 2s 
strings using scalar field <p and spinor field tp, respectively. Then we reconstruct the BRST 
charge Qq more generally for both the integer W 2 ,s strings and the half-integer W 2 , s strings. 
Each of them gives four solutions, and each solution has the condition that the total central 
charge must vanish. We find that for the half-integer W 2s strings, when s > 5/2, the central 
charge of the matter sector will be negative, but this can be solved by setting a —> ia, 
which has no effect on the realizations of the half-integer W 2s strings. We also find that 



the energy-momentum tensor used in Refs. [22, 23] is one of the special case of our results. 



Based our results, we construct the W 2 ^ strings using scalar field cp together with spinor 



field but we find the results are the same as the ones obtained in Refs. [22, 23]. But 
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with these results, following the procedure expressed detailedly in Section |4], we construct 
the nilpotent BRST charges Qb for the half-integer Wi, s strings for s = 3/2, 5/2, 7/2 using 
spinor field ^ only for the first time. When the spin s takes 3/2 and 5/2, each solution of 
F(i/j, b\, ci, (3, 7) for the case T = T e ^ + + \Tb c has not any term which contains the 
spinor field tp, and for the case T = T e ^ + + \Tbc + Tpy, there only exists the trivial 
solution F(ip, 61, ci, (3, 7) = 0. But for s = 7/2, some valuable solutions are obtained. For 
the case of T = T e ^ +Tf + ^T{, c , there exists one solution in which each term of it contains 
the spinor field tp, and for the case of T = T e *f + + \Fbc + ^37) ° nr y ° ne non-trivial 
solution is found. These two solutions are different from the cases of s = 3/2 and 5/2. This 
shows that with increasing of spin s, many new valuable solutions should be found. All 
these results obtained in this paper will be of importance for embedding of the Virasoro 
string and superstrings into the integer strings and the half-integer W2, s strings, and 
they may provide the essential ingredients to help us better understanding the fundamental 
properties of the half-integer W2, s strings. By giving the explicit realizations and BRST 
charges, the study on the physical states of these W strings will become possible. 
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